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Resonance in Axisymmetric Jet Under Controlled Helical,
Fundamental, and Axisymmetric Subharmonic Forcing
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Seoul National University, Seoul 151-742, Republic of Korea

An axisymmetric jet is forced with two helical fundamentalwaves of identical frequency spinning in the opposite
directions and an additional axisymmetric subharmonic wave. The subharmonic component rapidly grows down-
stream from resonant interaction with the fundamental, signi� cantly depending on the initial phase difference
between the subharmonic and the fundamental.The variation of the subharmonic amplitude with the initial phase
difference shows a cusplike shape. The ampli� cation of the subharmonic results in a vortex pairing of helical
modes. Furthermore, the azimuthal variation of the ampli� cation induces an asymmetric jet cross section. When
the initial subharmonic is imposed with an initial phase difference close to a critical value, the jet cross section
evolves into a three-lobed shape. The lobes are generated by vortex pairing. Therefore, the conclusion is made that
the initial phase difference between the fundamental and the subharmonic plays an important role in controlling
the jet cross section.

Nomenclature
as = subharmonic amplitude at jet exit [(u 0

s / Ue) j x = 0]
D = jet diameter
f = fundamental frequency
m = azimuthal wave number
p = sound pressure
ReD = Reynolds number based on jet diameter (Ue D / m )
r = radial coordinate
r0.1 = radial position, where U / Uc =0.1
SrD = Strouhal number based on jet diameter ( f D / Ue)
U = streamwise mean velocity
u = streamwise velocity � uctuation
x = streamwise coordinate
c = azimuthal angle
h = momentum thickness:
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m = kinematic viscosity
u d = local phase difference between the fundamental and the

subharmonic (u f ¡ 2 u s )
u de = initial phase difference between the helical fundamental

mode pair and the axisymmetric subharmonic measured
at x / D =0, r / D =0.25, and c =0 deg ( u fe ¡ 2 u se)

u f = local phase of the fundamental wave
u fe = initial phase of the helical fundamental wave [Eq. (1)]
u h = local phase of the � rst-harmonicwave
u s = local phase of the subharmonic wave
u se = initial phase of the axisymmetric subharmonic wave

[Eq. (3)]

Subscripts

c = jet center
e = jet exit
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f = fundamental
h = harmonic
m = maximum value
s = subharmonic

Superscript

0 = rms

I. Introduction

B ECAUSE the entrainment ability and mixing potential of jets
are of great interest in a variety of engineering applications,

many efforts have been made to understand and control jet � ows.
An initial disturbancehas signi� cant effects on the developmentof
large-scale vortical structures in the near � eld of an axisymmetric
jet.1– 3 In anticipation of mixing enhancement, vortex pairing con-
trol, and jet noise reduction,many studieshavebeen carriedout with
axisymmetric disturbances,4 – 9 where the mean � ow remains ax-
isymmetric.Recently,attentionhas beengiven to three-dimensional
disturbances,in particular,helicalmode forcing.10 – 18 Undera single
helical mode forcing,13 the periodic time series of sound pressure
from each individualspeaker located at an azimuthal angle c would
be p = pm sin(2p f t + m c ). In addition,by forcing with two super-
posed helical waves of the same frequency,spinning in the opposite
directions, the shape of the jet cross section can be signi� cantly
changed. In this case the helical waves exhibit azimuthal variations
of amplitude and grow downstream from intermodal resonant in-
teractions. In fact, two-lobed and four-lobed jet cross sections were
generated by forcing the jet with helical mode pairs with the same
frequencyand equal but opposite azimuthalwave numbers, m = §1
and §217, respectively. Cohen and Wygnanski12 showed theoreti-
cally and experimentally that changes in the shape of the jet cross
section are because of resonant interaction between the two helical
waves.

Under axisymmetric forcings, on the other hand, vortex pairing
occurs axisymmetrically and plays a key role in mixing enhance-
ment. The growth of the initial subharmonicwave via subharmonic
resonance leads to a downstream pairing of neighboring vortices.5

Furthermore, vortex pairing (that is, subharmonic growth) is sen-
sitive to the initial phase difference between the fundamental and
its subharmonic and to some extent can be precisely controlled by
varying the initial phase difference.7 – 9

Therefore, the combined forcing, which consists of the helical
fundamental waves and the axisymmetric subharmonic wave with
initiallycontrolledphasedifferencebetween them,can enhancevor-
tex pairing, which is different from that observed for axisymmetric
forcing, and thus signi� cantly changes the shape of the jet cross
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Fig. 1 Schematic layout of the experimental apparatus.

section. Corke and Kusek18 showed that the helical modes were
rapidly ampli� ed downstream through resonant interaction, when
the helical fundamental mode pair (m f = §1) together with an ax-
isymmetric harmonic mode (mh =0) was introduced near the jet
exit. Eventually, vortex pairing of helical modes occurred in the
downstreamregion, and the momentum thickness of the shear layer
varied in the azimuthaldirection.In the presentstudyan axisymmet-
ric jet is acoustically forced with helical fundamental waves of an
identical frequency spinning in the opposite directions (m f = §1)
and an axisymmetric subharmonic wave (ms =0). In addition, the
initial phase difference between the helical fundamentals and the
axisymmetric subharmonic is carefully controlled. The objectives
are to study the subharmonic resonance between the helical fun-
damental waves and the axisymmetric subharmonic wave and to
investigate the effect of the initial phase difference between them
on the growth of the subharmonic (vortex pairing of helical modes)
and the evolution of the jet cross section.

II. Experimental Technique
The experimental apparatus consisted of an air-jet facility, an

acoustic forcing system, a data acquisitionsystem, and a � ow visu-
alization system, as shown in Fig. 1.

A. Air-Jet Facility
Air� ow from a blower passed through a silencer box, a diffuser,

and a settling chamber equipped with three screens and a honey-
comb straightener before exiting through an American Society of
Mechanical Engineers � ow nozzle. The nozzle with a contraction
ratio of 76:1 and an exit diameter of D =32.1 mm was selected to
achieve very thin boundary-layer thickness at the exit. At the exit
velocity Ue =8.6 m/s, the nonuniformity of the � ow at the jet exit
was less than 0.8%, and the turbulence level was 0.3%. A large por-
tion of the turbulence level was at very low frequenciesof less than
20 Hz. The exit velocity measured at x =0.1 mm exhibited a top-
hat velocity pro� le, surrounded by a thin shear layer with a shape
factorof 2.6, which agreeswell with that of the Blasius pro� le.9 The
maximum value of turbulence level in this shear layer was 0.5%.

B. Acoustic Forcing System
Two sinusoidal signals, one for the m f = §1 helical fundamen-

tal modes and the other for the axisymmetric subharmonic mode,
were generated by a D/A converter (DT 2838) connectedto an IBM
PC486. Between them there was one octave difference in frequency
and a variable phase difference. The fundamental sine wave was
transmitted to an electric circuit and an audio ampli� er where eight
independent signals for the m f = §1 helical modes were gener-
ated and ampli� ed. Then, they were transmitted to an array of eight
speakers and waveguides, which were located close to the nozzle
lip and equally spaced in azimuthal angle (for more details, see
Ref. 19). This array of eight speakers and waveguideswas designed

to be rotatable around the jet centerline so that it was possible to
make velocity measurements and to take photographs of the visu-
alized jet sections on various meridional planes without actually
rotating the measuringprobe and the � ow visualizationsystem.The
sound pressures from eight speakerswere independentlycontrolled
in the electriccircuit in terms of both amplitudeand phaseaccording
to the following equations:

p/ pm = sin(2 p f t + c ¡ u fe) + sin(2p f t ¡ c ¡ u fe) (1)

= 2 cos c sin(2p f t ¡ u fe) (2)

The � rst and second terms on the right-hand side of Eq. (1) rep-
resent the m f = +1 mode and the m f = ¡ 1 mode helical waves,
respectively. A microphone (Larson ¢ Davis 2560) mounted on the
jet centerline at the exit plane was used to check the sound level of
each speaker for the no-� ow condition. The maximum sound level
pm was set at 84.6 dB, at which the amplitude of the helical modes
was high enough so that nonlinear interaction between the waves
occurred immediately downstream of the jet exit.

The axisymmetric subharmonic forcing (ms =0) was accom-
plished by a 4-in.-diamspeakermounted on the pipe wall preceding
the diffuser.The initial axisymmetric subharmonicwave was intro-
duced in the form of velocity � uctuation at the jet exit as follows:

u / Ue =
p

2as sin( p f t ¡ u se) (3)

where the initial subharmonic amplitude as was de� ned by the rms
value of the u signal measured at the jet exit. In the present exper-
iment it was 0.7%. The local phase difference between the funda-
mental and subharmonic modes was de� ned as

u d = u f ¡ 2 u s (4)

which was obtained by the autobispectrum20 through a fast Fourier
transform calculation of the u signal. The initial phase difference
u de = u fe ¡ 2 u se was also calculated in the same way from the
u signal measured at x / D =0, r / D =0.25, and c =0 deg.

C. Data Acquisition System
To simultaneouslyobtainvelocitydataat two positions,two I-type

hot-wire probes (Dantec 55P11), a reference probe, and a measur-
ing probe were used in conjunction with the constant-temperature
hot-wire anemometer (Dantec Streamline). The output signals of
the hot wire were converted through a 16-bit A/D converter (DT
2838), stored, and afterward reduced to velocity data with a fourth-
orderpolynomial.Uncertaintyestimatesof hot-wiredata were made
based on Yavuzkurt,21 considering the following factors: a calibra-
tion uncertainty of the hot wire (0.8%), a room temperature drift
during experiments (0.3±C), and an uncertainty in � ow condition
setting (1%). The uncertainties for both the streamwise mean ve-
locity U and the streamwise velocity � uctuation u were 1.6% along
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the centerline. In the shear layer they were estimated to be greater
than 3.3%, considering higher velocity � uctuations and � ow rever-
sal. The reference probe was � xed at x / D =1.5, r / D =0.25, and
c =180 deg. The movement of the measuring probe was controlled
two-dimensionally by the PC. Measurements were made at eight
azimuthal positions equally spaced by an angle of 45 deg.

D. Flow Visualization System
A multi-smoke-wire technique was employed to visualize the

time sequence of the jet structure downstream of the jet exit. A
number of thin nichrome wires (80 l m in diameter) were placed
perpendicularlyto the jet axis at an interval of 0.5D up to x / D =3
and at an interval of 1D thereafter.A stroboscopewas synchronized
with the fundamentalor subharmonicsignalfrom the D/A converter.
All of the photos were taken at two phases of the fundamentalwave
or three phases of the subharmonicwave with the camera lens open.

III. Results and Discussion
A. Forcing with only a Helical Mode Pair (m = §§ 1)

First, let us consider the vortex structures for three helical-
mode-forcing conditions, two of which are schematically shown
in Fig. 2. Here, Fig. 2 is drawn based on previous � ow visualization
images.13, 15 , 16 For m =+1 mode forcing, of which sound pressure
disturbance at the jet exit corresponds to the � rst term on the right-
hand side of Eq. (1), a continuousvortex rolls up, which resembles
a coil spring spinning in the counterclockwisedirection when it is
viewed in the upstream direction (Fig. 2a). For m = ¡ 1 mode forc-
ing the sound pressure disturbance corresponds to the second term
on the right-handside of Eq. (1), and the vortex structureis the same
as that of m =+1 mode forcing but with the opposite spinning di-
rection.Koch et al.13 showed this single continuousvortex structure
using � ow visualization.In both cases the distortionof the jet cross
section does not appear, but the jet spreads out axisymmetrically
because the resultant forcings are imposed equally over the entire
jet circumference.12

On the other hand, when the jet is forced with a helical mode pair
having the same frequency and equal but opposite azimuthal wave
numbers m = §1, as described in Eq. (2), there exists an azimuthal
variation of the helical-mode input amplitude [see Eq. (2)]. The su-
perpositionof the two helical waves physicallyproducesa standing
wave pattern. As schematically shown in Fig. 2b, strong vortices
alternately roll up at the azimuthal locations of c =0 and 180 deg
(180 deg out of phase), whereas weak vortices roll up at c =90 and
270 deg (in phase).

a) m = ++ 1

b) m = §§ 1

Fig.2 Sketches of thevortex structures for varioushelicalmodeforcing
conditions. Dashed circle denotes the jet exit.

Figure 3 shows multi-smoke-wire� ow visualizationof the vortex
structure when the jet is forced with an m = §1 helical mode pair
at Ue =8.6 m/s and f =160 Hz (SrD =0.6). The vortex structure
observed is similar to that schematicallyshown in Fig. 2b. Figure 3a
shows that at time t strong vortices are rolling up roughly in a
staggered formation along the � ow direction on the (r, x) planes at
c =0 and 180 deg (hereafter called the c =0–180 deg plane; see
alsoFig. 2b). However,vorticesat x / D =1.0–1.5 and at time t + D t
in Fig. 3a look in-phaseas if they were triggeredby an axisymmetric
forcing, which is caused by the growth of the harmonic wave from
intermodal interaction between the fundamentals, indicating that
vortices roll up twice as much as those rolled up at the fundamental
frequency.This growth of the harmonic wave was also shown in the
hot-wire measurements of Long and Petersen.17 Figure 3b shows
the vortex structure on the c =45–225 deg plane, where staggered
strong vortices are clearly observed. On the c =90–270 deg plane
(Fig. 3c), however, weak vortices at x / D =1 » 2 are in phase and
placed in the middle of the strong staggered vortices that exist on
the c =0–180 and 45–225 deg planes. Moreover, the vortex on
the c =90–270 deg plane rolls up twice as much as the strong
staggered vortex, also resulting from the growth of the harmonic
wave. The weak vortices connect the strong staggered vortices and
producea characteristicY patternwhen lookingperpendicularto the
c =0–180 deg plane (see Fig. 2b). This Y pattern was also observed
experimentally by Kusek et al.15 and numerically by Martin.16

Under forcing with the m = §1 helical mode pair at SrD =0.6, a
two-lobed shape of the jet cross section was observed(not shown in
this paper; refer to Cho19 and Long and Petersen17 ). The high and
low amplitude levels of the helical fundamental waves (strong and
weak vortices, respectively) corresponded to major and minor axes
of the two-lobed shape of the jet cross section, respectively.Vortex
pairing did not occur in this case (SrD =0.6), as shown in Fig. 3.

B. Subharmonic Modulation under m = §§ 1 Helical Mode Forcing
at a Higher SrD

When the jet is forced with the same m = §1 helical fundamen-
tal mode pair but at a higher SrD , a vortex can easily interact with
the preceding vortex, and vortex pairing occurs intermittently. Al-
though the subharmonic is not added initially, its growth may be
initiated by the subharmonic disturbance of an extremely low am-
plitude level originated from the test facility itself or pairing feed-
back. In the event that this naturally initiated subharmonic grows
high, the jet cross section is not the two-lobed shape but changes
into a rectangular shape, as shown in Fig. 4, depending on which
azimuthal position vortex pairing occurs more frequently. In fact,
in the case of forcing with only m = §1 helical fundamental mode
pair at SrD =0.95, we can observe frequencyhalvings of the u sig-
nal (Fig. 5). The subharmonic component grows from an imperfect
resonant interaction,which is also triggeredby facility disturbances
or pairing feedback. Moreover, we note that there exist modula-
tions in amplitude, as shown in Fig. 5. These modulations, which
are denoted as nearly periodic modulations of pairing in Broze and
Hussain’s experiment,22 are caused by the inability of the subhar-
monic to phase-lock. In other words, the initial phase difference
between the fundamental and the subharmonic initiated by facility
disturbancesor pairing feedbackdoes not remain the same fromone
pairing to the next.

C. Forcing with Helical Fundamental Mode Pair and Additional
Axisymmetric Subharmonic Mode
Subharmonic Resonance

An axisymmetricsubharmonicmode (m s =0) is introducedin ad-
dition to a helical fundamentalmode pair (m f = §1) at SrD = 0.78.
In this case the frequencies of the helical fundamental and the ax-
isymmetric subharmonicare 250 and 125 Hz, respectively,andUe is
10.3 m/s (ReD =2.2 £ 104 ). Measurementsare made at an upstream
location of vortex pairing (x / D =1.5) and at two azimuthal loca-
tions of the high-speed side of the shear layer (c = 0 and 180 deg
at r / D = 0.25). Note that the initial phase difference u de is de� ned
to be the local phase difference between the fundamental and the
subharmonicat c = 0 deg on the jet-exit plane. The local phasedif-
ference between the fundamental and the subharmonic at c =180
deg is different by 180 deg from that at c =0 deg (or u de), that is,
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Fig. 3 Flow visualization of the structure of the jet forced with only the m = §§ 1 helical mode pair at SrD = 0:6 on the a) ° = 0–180 deg plane,
b) ° = 45–225 deg plane, and c) ° = 90–270 deg plane. The time interval of D t = 3:125 ms corresponds to one-half of the forcing wave period.

Fig. 4 Iso-velocity contour
lines (U/Uc ) for forcing with
only the m = §§ 1 helical mode
pair at SrD = 0:78 and x/D =
3. Dashed circle denotes the
jet exit.

Fig.5 Time traces of the u signalatx/D = 1:5; r/D = 0:25,andSrD = 0:95
for forcing with only the m = §§ 1 helical mode pair.

u d j c =180 deg ¡ u d j c = 0 deg =180 deg according to Eq. (4), which is
caused by the fact that the fundamentalwaves at c =0 and 180 deg
are 180 deg out of phase, while the subharmonic waves at c =0
and 180 deg are in-phase because the initial subharmonic wave is
axisymmetric (corresponding to a bulk modulation of the jet-exit
velocity over the entire jet-exit plane). Considering that the phase
difference may signi� cantly affect vortex interaction, this is quite
noteworthy in the sense that an asymmetric � ow� eld can be gener-

a)

b)
Fig. 6 Variationsof the wave amplitude (u 0

f and u 0
s) and the local phase

difference Ád with respect to the initial phase difference Áde for the
case of forcing with a helical fundamental mode pair (mf = §§ 1) and
an additional axisymmetric subharmonic mode (ms = 0) at SrD = 0:78:
a) , u0

s at ° = 180 deg; ¦ , u 0
f at ° = 180 deg; n , u 0

s at ° = 0 deg; , , u0
f at

° = 0 deg; b) ±, Ád j ° = 180 deg; , Ád j ° = 0 deg . Measurements were made
at x/D = 1:5 and r/D = 0:25.

ated between the upper (90 deg < c < 270 deg) and lower ( ¡ 90 deg
< c < 90 deg) sides of the jet cross section.

Variations of the wave amplitudewith the initial phase difference
u de are shown in Fig. 6a. Note that u de has a signi� cant effect on the
growth of the subharmonic component u 0

s . Although the initial am-
plitude of the subharmonic component as is very low (0.7%) at the
jet exit, u 0

s at x / D =1.5 is rapidly ampli� ed over the fundamental
amplitudeu 0

f exceptat some criticalvalues of u de (close to 10 deg at
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c =0 deg and close to ¡ 170 deg at c =180 deg). Variations of the
subharmonic amplitude u 0

s at both c =0 and 180 deg show cusp-
like shapes. A similar cusplike variation of the subharmonic com-
ponent was also observed under axisymmetric forcings in Refs. 8
and 9. Based on the assumption of a parallel nondiverging � ow,
Monkewitz23 predicted that the subharmonic is suppressedat a crit-
ical value of the phase differenceand ampli� ed over a wide rangeof
the phase difference.Also note from Fig. 6a that, when the variation
curve of the subharmonicobtained with the initial phase difference
at c =180 deg is moved to the right by 180 deg, the two curves
approximately fall on each other. This is because of the discrepancy
of 180 deg in the local phase differences between the fundamental
and the subharmonic at c =0 and 180 deg on the jet-exit plane, as
mentioned earlier.

Under the present forcing condition, an asymmetric � ow� eld
between the upper (90 deg < c < 270 deg) and lower ( ¡ 90 deg
< c < 90deg) sidesof the jet cross sectioncan be generatedby vary-
ing u de. At u de ¼ 10 deg, u 0

s j c =180 deg is maximum while u 0
s j c =0 deg

is minimum, and vice versa at u de ¼ ¡ 170 deg. This is quite note-
worthy because u de can be used as one of the important parameters
in changing and controlling the shape of the jet cross section under
the present forcing condition. Such an asymmetric � ow does not
occur under forcingof the helical fundamentalmode pair combined
with the axisymmetric � rst-harmonic mode (i.e., 2 f with mh =0)
(Ref. 18), as well as under forcing with only a helical mode pair.17

In the former case the local phase difference between the funda-
mental and the � rst harmonic (u h ¡ 2u f ) is the same over the entire
jet cross section, and thus the � ow� eld is symmetric with respect to
the c =90–270 deg plane.

Variationsof the local phase differencebetween the fundamental
and its subharmonic with the initial phase difference are shown in
Fig. 6b, which are obtained from the autobispectrum of u signal.
The local phase differences do not deviate too far from 180 deg
regardless of u de , except for u de ¼ ¡ 170 deg at c =180 deg and for
u de ¼ 10 deg at c =0 deg. This indicates that the fundamental and
the subharmonicarephase-locked,and resonantinteractionbetween
them occurs as shown by Broze and Hussain.24 This phase-locking
is a prerequisite to subharmonic resonance from which the sub-
harmonic component rapidly grows, eventually resulting in vortex
pairing.

The time traces of the u signal at three different initial phase dif-
ferences are shown in Fig. 7. Frequency halvings of the u signal
occur, signi� cantly depending on u de. At u de =10 deg (maximum
subharmonic growth at c =180 deg and minimum subharmonic
growth at c =0 deg), frequencyhalving is enhancedat c =180 deg
and attenuated at c =0 deg (Fig. 7a). At u de = ¡ 170 deg, the op-
posite is observed, as shown in Fig. 7b. At u de = ¡ 76 deg, where
levels of the subharmonic at c =0 and 180 deg are nearly equal to
each other, the frequency halvings at both azimuthal positions are
comparable to each other, as shown in Fig. 7c (see also Fig. 6a).

Flow Visualization
The multi-smoke-wire� ow visualizationhas been also performed

for the same forcing condition at SrD = 0.78 and u de = 10 deg,
where the subharmonic wave at c =180 deg is ampli� ed and that
at c =0 deg is attenuated (refer to Fig. 6a). Figure 8 shows the
vortex structures on three (r, x ) planes, that is, c =0–180 deg, c =
45–225 deg, and c =90–270 deg planes. The time interval of D t =
2.7 ms corresponds to one-third of the subharmonic period. All
photographs show that up to x / D =1 a typical vortex structure
under forcing with only m = §1 helical mode pair appears (see
also Fig. 3): strong vortices on the c =0–180 deg plane and on
the c =45–225 deg plane are staggered, whereas weak vortices on
the c =90–270 deg plane are in phase. Thereafter, a large vortex
begins to interact with its preceding vortex, which can either pair
or not. We can clearly observe from Fig. 8a that vortices at c =180
deg are completely pairing near x / D =2, while � ve vortices at
c =0 deg are advecting downstream without pairing before they
� nally break down. This � ow visualization evidently explains the
different growth rates of the subharmonic component, observed in
Fig. 6a, at c =0 and 180 deg with u de =10 deg. On the other hand,
at c =45 deg (Fig. 8b), vortex pairing occurs farther downstream

a)

b)

c)
Fig. 7 Time traces of the u signal at three different initial phase dif-
ferences at SrD = 0:78, x/D = 1:5, and r/D = 0:25: a) Áde = 10 deg; b)
Áde = ¡ 170 deg; and c) Áde = ¡ 76 deg.

(at x / D =2 » 3), occupying a wide space. In fact, vortex pairing
has a signi� cant effect on the jet mixing and leads to a large mixing
rate. Note from Fig. 8a that the spreading rate at c =180 deg is
larger than that at c =0 deg. On the c =90–270 deg plane (Fig. 8c)
weak vortices that connect the strong vortices also pair and form
into a large vortex. However, the jet-spreadingrate is not so large as
compared to those on other planes. A quantitativedescriptionabout
the jet spreading is given later in this section.

Browand and Laufer10 � rst reported a pairing motion of a sin-
gle helical vortex. This motion was later numerically simulated by
Martin,16 who enforced a single fundamental helical mode plus an
axisymmetric mode of 2

3
f on the axisymmetric jet and denoted the

resulting motion as helical pairing. In the meantime, with an ad-
ditional � rst-harmonic axisymmetric mode to the m = §1 helical
mode pair, Kusek et al.14 and Corke and Kusek18 showed a similar
vortex pairing motion to the one observed in this study, which was
denoted as vortex pairing of helical modes. Especially in Ref. 18,
the vortex structure generated after vortex pairing was tilted along
the streamwisedirection,and its resultantmodewas exactlym = §1
helical (that is, amplitudesof the subharmonic are maxima at c =0
and 180 deg, and minima at c =90 and 270 deg). In the present
study the vortex structure is also tilted, as shown in Figs. 8a and
8b. However, the resultant wave mode is far from the m = §1 heli-
cal mode pair in terms of the variation of the subharmonic growth
with respect to the azimuthal position and the shape of the jet cross
section, which results from the asymmetry of the initial local phase
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Fig. 8 Flow visualization of the structure of the jet forced with the helical fundamental mode pair and the axisymmetric subharmonic mode at
SrD = 0:78 and Áde = 10 deg on the a) ° = 0–180 deg plane, b) ° = 45–225 deg plane, and c) ° = 90–270 deg plane. The time interval of D t = 2:7 ms
corresponds to one-third of the subharmonic period.

difference with respect to the c =90–270 deg plane as well as the
different forcing amplitude and SrD .

Jet Cross Section
Vortex pairing results in a change in the shape of the jet cross sec-

tion. Iso-velocity contours on the jet cross section at four different
streamwise positions are given in Fig. 9. The initial subharmonic
was added at u de = ¡ 170 deg, which corresponds to an enhanced
subharmonic growth at c =0 deg and an attenuated subharmonic
growth at c =180 deg (refer to Fig. 6a). The vortex structure for
this case is nearly the same as that shown in Fig. 8 when the co-
ordinate system is rotated by 180 deg around the jet centerline. At
x / D =1.5 where vortex pairing just starts, no signi� cant change
is observed in the shape of the jet cross section, but the lower side
( ¡ 90 deg < c < 90 deg) spreadsout a little more than the upper side
(90 deg < c < 270 deg). However, the shape of the jet cross section
at x / D > 2 signi� cantly changes. The shape of the jet cross section
is neither two lobed nor four lobed but three lobed. At c =0, 135,
and 225 deg, vortex pairing occurs, and the jet widely spreads out
away from the jet centerline, generating three lobes in the jet cross
section. To the best of the authors’ knowledge, this three-lobed jet
cross section has never been reported in the literature before. The
momentum thicknessesat c =0, 135, and 225 deg, representingthe
mixing rate, are much larger than those at other c or that of the un-
forced jet, as shown in Fig. 10. Evolution of the radial position r0.1

in x also shows nearly the same behavior(not included in this paper)
as shown in Fig. 10. Figure 11 shows the rms streamwise velocity
� uctuation u 0 and its subharmonic component u 0

s at x / D = 3. Both
u 0 and u 0

s are large at the locationsof three lobes, and u 0
s contributes

to most of u 0 at those locations.
The response of the jet cross section at x / D =3 to the initial

phasedifferencecan be roughlyestimated in terms of the differences
among the mean velocities at three azimuthal positions.The differ-
ence between the mean velocities at c =0 and 180 deg is shown in
Fig. 12a, and the difference between those at c =225 and 180 deg

a) x/D = 1:5 c) x/D = 3:0

b) x/D = 2:0 d) x/D = 4:0

Fig. 9 Iso-velocity contour lines (U/Uc ) on the jet cross section under
forcing with the helical fundamental mode pair and the axisymmetric
subharmonic mode at SrD = 0:78 and Áde = ¡ 170 deg. Dashed circles
denote the jet exit.
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Fig. 10 Streamwise evolution of the momentum thickness at various
azimuthal locations under forcing with the helical fundamental mode
pair and the axisymmetric subharmonic mode, compared with that of
the unforced jet (ReD = 1:9 £ £ 104).

Fig. 11 Contours of the rms streamwise velocity � uctuation u0 and its
subharmonic component u0

s at x/D = 3; SrD = 0:78, and Áde = ¡ 170 deg
under forcing with the helical fundamental mode pair and the axisym-
metric subharmonic mode. Dashed circles denote the jet exit.

a)

b)

Fig. 12 Mean velocity differences between two azimuthal positions
at x/D = 3 and r/D = 0:75 with respect to Áde for the case of forcing
with the helical fundamental mode pair and the axisymmetric subhar-
monic mode at SrD = 0:78. Region I corresponds to the three-lobed-
cross-section case; region II, to the similar shape rotated 180 deg.

is shown in Fig. 12b. The data away from zero mean-velocity
difference in Fig. 12 indicate that the jet cross section has lobes
and its shape deviates from a circle. Based on the mean-velocity
difference, region I (where the shape of the jet cross section is three
lobedand similar to that in Fig. 9c) and region II (where the shapeof
the jet cross section is the same as in Fig. 9c but rotated by 180 deg
around the jet centerline) can be identi� ed. These two regions in-
clude two critical initial phase differences, u de = ¡ 170 and 10 deg,
at which the subharmonic levels at c =0 and 180 deg have maxi-
mum or minimum values, as shown in Fig. 6a. The jet cross sections
in the remaining region of u de correspond to intermediate states be-
tween regions I and II, where the three-lobed jet cross section does
not appear distinctly.The present result clearly shows that the initial
phase difference can change and control the shape of the jet cross
section through vortex pairing control.

IV. Conclusions
An experimental study has been performed to consider the effect

of the forcing conditionson the vortex structureof an axisymmetric
jet, which includes multi-smoke-wire � ow visualizations and hot-
wire measurements.

First, the axisymmetric jet is forced only with a helical mode
pair (m = §1) near the jet exit (SrD =0.6). On the c =0–180 and
45–225 deg planes, strong staggered vortices roll up, whereas weak
vorticeson the c =90–270 deg plane connect these strong vortices.
The shapeof the jet cross section changesdownstreamand becomes
two-lobed. At a higher SrD (SrD =0.78) the shape becomes rectan-
gular in the case that the naturally initiatedsubharmonicgrows high.
At SrD =0.95 the subharmonic component grows from imperfect
resonant interaction, and there exist modulations of the u signal in
amplitude.

Next, the axisymmetric jet is forced with a helical fundamental
mode pair (m f = §1) and an additional axisymmetric subharmonic
mode (ms =0)near the jet exit (SrD =0.78). The subharmoniccom-
ponent rapidly grows downstream from resonant interaction (sub-
harmonic resonance) with the fundamental,signi� cantly depending
on the initial phase difference between the fundamental and sub-
harmonic waves. The variation of the subharmonic amplitude with
the initial phase difference shows a cusplike shape. The ampli� ca-
tion of the subharmonic results in vortex pairing of helical modes.
Because the local phase difference between the fundamental and
its subharmonic on the upper side of the jet cross section at the jet
exit is 180 deg different from that on the lower side, an asymmet-
ric � ow� eld is generated depending on which azimuthal position
vortex pairing occurs. Near critical initial phase differences where
the subharmonic at c =0 deg has a maximum value and that at
c =180 deg has a minimum value, or vice versa, the jet has a three-
lobed cross section. The lobes are generated by vortex pairing. The
appearanceof the three-lobedjet cross sectionsigni� cantlydepends
on the initialphasedifference.As a result, the initialphasedifference
between the fundamental helical mode pair and the axisymmetric
subharmonicmode is an important parameter in changing and con-
trolling the shape of the jet cross section.
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